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1. INTRODUCTION 
Let N be a large positive even number and p, pl, pz be primes. We are 
concerned with the parity problem for the sequences {N-p; p <N} and 
{p + 2). The parity problem refers to the ambiguity between integers with 
an odd number of prime factors and those with an even number. The 
exceptional difficulty of this problem has already been observed by Selberg 
[9] and Bombieri [l]. The work of Bombieri shows that even assuming 
the Elliott-Halberstam conjecture, it is impossible for sieve methods to 
resolve the parity problem for the sequence (p + 2). In this paper, we shall 
give a conditional resolution of the parity problem. 
Let 4(d) be the Euler function, 
and 
[i y = I )’ dt 2 log t’ 
Inequalities of the type 
have played an important role in sieve theory. The well-known theorem of 
Bombieri and Vinogradov asserts that (1) is admissible with 8 = l/2-~. 
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Elliott and Halberstam have conjectured that (1) is admissible even with 
6, = 1 -c. Recently, the strong form of the Elliott and Halberstam conjec- 
ture has been disproved by Friedlander and Granville [S]. However, they 
believe that (1) does hold for 0 = 1 - E. We shall assume this conjecture. In 
addition, we shall assume the validity of the estimate 
/(p+2;p~x,p+2=p,p~pI,p;~x?, i= 1,2, 3)l dp/c.ulog~-‘x, (2) 
where CI is any number in the interval (l/4, l/3), /I is a number very slightly 
less than 213, 
and 
I= 
s 
‘-2% log((l-t)/a-l)d~, 
z t(1 -t) 
Assuming the conjecture of Elliott and Halberstam, it can be shown that 
the expression in (2) is 
d ($+ E) ICX log-’ x. 
We shall prove the following 
THEOREM. Assume (1) holds with 8 = 1 - E and (2) is valid. Then 
({p+2;pd.~,p+2=p,p,)l~(2-38-&,)~c~~0g-*~, 
where E, goes to zero as x approaches infinity. 
So under the above hypotheses, we can show that there are infinitely 
many primes p such that p + 2 has exactly two prime factors. Furthermore, 
it will be seen from the proof that one of the prime factors lies in the 
interval [x1, x1 P2X]. Of course, our Theorem can be formulated for the 
sequence {N-p; p < N}. Obviously, these results are closely related to the 
twin-prime and the Goldbach conjectures. 
2. SEVERAL LEMMAS 
Let d be a finite sequence of integers, 9 be a set of primes, and [&‘I the 
number of elements in &‘. 
In addition, for a positive integer d, suppose that the quantity 
l&$1 =l{aEd;a-O(modd)}l 
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may be written in the form 
where w(d) is multiplicative with 0 < o(p) <p, X is a large enough 
parameter independent of d, rd is an error term, and p(d) is the MGbius 
function. 
Finally, for a given z 2 2, we let 
P(z)= n P, 
p<z 
PEb 
S(d,P,z)= c 1, 
oesd 
(O,P(Z)) = I 
and 
w(z,=,!lz(l-~). 
We now state two lemmas. 
LEMMA 1. (Halberstam-Jurkat-Richert ). Suppose o(d) satisfies the 
conditions 
O<O(P)< 1-L \- 
P A,’ 
-A,6 1 
O(P) 
W<P<: 
-logp-lo+A,, 2<w<z, 
P 
for some suitable constants Ai 2 1, i = 1, 2, 3. For 5 > 2 we have 
where R=Cd<5~,dIp(rl 3@’ Irdl, v(d) is the number of distinct prime factors 
of d, the functions F and f are defined by 
F(u)=2e’ 
U’ 
f(u)=0 for O<u62 
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(uF(u))‘=,f’(u- 1 ), (uf(u))‘=F(u- 1) 
for u 2 2. Here 1’ is Euler’s constant. 
This lemma is also true if 
1<;<z but .r G C’ 
with a positive constant 2, in which case the O-constant in (3) depends also 
on A. 
The proof of this lemma can be found in [6, Chap. 81. 
It is well-known that 
q+?!? 
U’ 
o<u<3, 
f(u)=~log(u-l), 2<u<<. (6) 
The next lemma is a consequence of the conjecture of Elliott and 
Halberstam. 
LEMMA 2. Assume (1) holds with 8 = 1 -E. Then, given any positive 
constant A, there exists E > 0 such that 
,<;,-‘ p2(d) 3 
V(d) max max x(J,; d, I)-- GL 
liy 
.‘< 1: (I.d)= I d(d) (lois -xl” ’ 
3. PROOF OF THEOREM 
We take XI= {p+2;p<xj,Y= (p;p>2), o(p)=p/@-1) for PEP. 
By Mertens’ formula and the definition of C, 
W(z) N e YC(logz))l as z-co. 
Throughout this section we assume the validity of the conjecture of 
Elliott and Halberstam and the estimate (2). 
Recall a E (l/4, l/3). We now fix the parameters. 
z = x=, a,=l-2tX, zl=xE’, I= I al log((1 - t)/ff - 1) dt I t(l-t) . 
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LEMMA 3. I{p+2; pdx, p+2=p, or p1p2, pi>z, i= 1,2}1 > 
S( d, 9, z) - flzcx log ~ 2x. 
Proof: This follows from the definition of S(J.S?, 9, z) and the estimate 
(2). 
LEMMA 4. S(d,~,z,)6S(d,~,z)-(2-28-&,)ZC.ulog~’x. 
Proof. Buchstab’s identity, when applied twice, gives the equality 
S(d, 9, z,) = S(d) 9, z) 
- 1 S(ccs,,, P,z)+ c Sb$Q,’ p’, P2). 
z<p, <;, z<p><p,<z, 
To estimate 
from below, we apply (4) of Lemma 1 with 
X=w(pl)lix 3 z=x” > 
Pl 
(25 
Using Lemma 2, the Prime Number Theorem, and the definition off(u) 
for 21~54, we find 
Next we turn to 
A moment’s thought shows that this sum is equal to 
Lemma 4 now follows when we appeal to the estimate (2) and combine 
the above estimates. 
We now proceed to prove the Theorem of the paper. Comparing 
Lemmas 3,4 and using the fact 
p<2-2p-E, as x-co, 
641 ‘W3-6 
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we deduce that 
({Pf2;P<.x,P+2= p~pz)j3(2-3~-E,)zCSlog 2.l-. 
Here E, goes to zero as s approaches infinity. This completes the proof of 
the Theorem. 
4. AN UPPER BOUND 
In this section, assuming the weak Elliott-Halberstam conjecture, we 
derive an upper bound for the expression in (2). We have 
I{P+2;pIx,P+2=P,P~P~,P,2z, i= 1,2,3)1 
We now apply (3) of Lemma 1 with 
Using Lemma 2, partial summation, and the definition of F(u) for 
1 <u I 3, we see that (7) is 
1~ 22 
I s 
l&X-l, dt2 dt 1 
2 I t,tz(l-t,--2) 
cxlogPzx.~ 
lP& log((l-t,)/a-l)dt 
t1(l -t,) 
1, 
a 
as claimed in the Introduction. 
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